INTRODUCTION
The Navier-Stokes équations for viscous, incompressible flow problems have been the object of considérable research efforts. Because of its great flexibility finite element methods have received considérable attention, both from a theoretical and computational point of view. In gênerai one uses finite éléments of higher-order shape functions in order to get better approximations of velocity and pressure fields. However, this can be guaranteed, at least theoretically, only for sufficiently smooth solutions of 628 F. SCHIEWECK, L. TOBISKA the considered problem. Moreover, the use of higher-order shape functions causes computational costs which can be too expensive for the problem under considération. Therefore we propose a finite element method with lower-order shape functions. Taking into considération the dominate influence of the convective term in the case of a higher Reynolds number, we shall use a special upstream discretization of this term.
In this paper we propose a method combining a Pi-P 0 nonconforming finite element method due to Crouzeix and Raviart [2] with an upstream discretization of the convective term which has been applied by Ohmori and Ushijima [9] in case of a scalar convection diffusion problem. The method in [2] proposed for the Stokes problem was extended to stationary NavierStokes équations in [7] , But the results concerning the nonconforming éléments are stated without proof. An extension to time-dependent NavierStokes équations was done in [6] .
A similar upwinding technique was first introduced in [8] to solve the Neutron transport équation. For solving the Navier-Stokes équations in terms of stream function and vorticity, this technique was applied in [3] and analyzed in [5] .
The plan of the paper is the following. In Section 2 we introducé the notations used in the subséquent sections. The finite element method for the approximate solution is presented in Section 3. Section 4 contains a discussion of the properties of the algorithm and in Section 5 we give existence and convergence results for the discrete solutions.
NOTATIONS AND PRELIMINAIRES
Throughout this paper, fl is supposed to be a convex polygon in R 2 with boundary F. Let n be the unit outer normal to fi. D /? 7 = 1,2 dénotes the differential operator -and of ten we will use the summation convention, that one has to take the sum over an index occuring twice in some term. 
v,w Ja
Then the variational form of (2.1) reads :
It is well known that (2.6) admits at least one solution which is unique provided that v~2\\ f\\ is sufficiently small [4] .
FINITE ELEMENT APPROXIMATION OF ÜPSTREAM TYPE
For solving the continuous problem (2.6) approximately, we will combine a nonconforming finite element method due to Crouzeix/Raviart, Temam [2, 11] with an upstream discretization of the convective term which has been applied by Ohmori, Ushijima in case of a scalar convection-diffusion problem [9] .
Let {T^} be a family of triangulations of O into triangles K with 630 F. SCHIEWECK, L TOBISKA which is assumed to be regular in the usual sensé, and let h K be the diameter of the triangle K. We also assume that the inverse assumption on the mesh is fulfilled f h = max h K 1.
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We dénote by B t , 1^ i ^ N, the midpoints of inner edges and by B l7 N + 1 ^ i ^ TV + M, the midpoints of edges lying on the boundary F. Now we define the finite dimensional spaces V h and Q h for V and Q, respectively, by 
K JK
It is well known [2] that ||.|| A with
In [11] instead of (3.5) the trilinear form
was used which can be regarded as an extension of b(u, v, w) too, because of
Vu, v, w e V with div u = 0 .
Moreover, b h satisfies the skew-symmetric property
which is useful in the analysis of existence and convergence. In the case of small value of v, one needs a suitable discretization of the convective part b(u, u, v) of (2.6) in order to avoid instabilities and numerical oszillations, respectively. Therefore we will define a modified discretization of upstream type b h of b following the lines of [9] . and let n îk be the unit outer normal to R h which is associated with the part T lk or bRi In a similar way as in [9] we can dérive the foUowing upstreara discretization b h of the tnlmear form b
Now our discretization of (2 6) reads
Remark 3 1 Contrary to b h of (3 7), m our discretization (3 13), b h is not a tnlmear form on V\ Actually, the mapping
is lmear in v and w only
SOME PROPERTIES OF THE PROPOSED METHOD
In order to establish results concermng existence and convergence of solutions of (3 13) we dérive some properties of the mapping b h . V\ -> R First of all let us define the lumpmg operator L h and the space W h 
we obtain in an analogous way as in [9, Lemma 3] (
4.7) h h (u,v,v) + ±P h (u,v f v) =
Using the fact that one can easily verify that b\ (u, v, v where C x and C 2 are the constants of inverse inequalities which are independent of h, l and h. This implies Thus, we obtain in an analogous way as for p lk the estimate (4.14) also for V q ik , which complètes the proof of (4.8). which complètes together with (4 25), (4 26) the proof of (4 17)
EXISTENCE AND CONVERGENCE OF THE DISCRETE SOLUTIONS
In this section we study solvability of the discrete problem (3 13) and convergence properties of îts solutions to a solution of the continuous problem (2 6) It can be shown that our nonconformmg fmite element discretization fulfills the discrete LBB-condition, i e there is a constant a > 0, independent of h, such that where C(2, Q) is the constant from (4.13). In order to show the continuity of P we apply Lemma 2 • In order to study the convergence properties of the solutions (u h ,p k ) of (3.13) we introducé the embedding operator
As a conséquence of inequality (4.13) the embedding operator I h is continuous uniformly in h, i.e. there is a constant C :> 0 such that Proof Following the Imes of Temam [11] , we only have to modify some details, which result from replacmg the diseretization b h defined m (3 7) by our upstream diseretization b h defmed m (3 11) Therefore, we will only mention the important steps of the proof Setting v h = u h in (5 2) we obtam from Lemma 1 the a priori estimate
By means of the discrete LBB-condition (5 1) we conclude from (3 13) and (5 4) 
Using the représentation
and taking into considération that u h is uniformly bounded and b h is a continuous trilinear form on V + V h we obtain
for some positive constant C independent of h. In [2] it was already shown that
Together with lemma 3 and (5.4) it follows from (5.9) 
Applying Lemma 1 and Lemma 2 we can estimate
By means of the a priori estimate (5.4) it follows v = 0 if v 2 \\ f ||~^ n is sufficiently large. The relation p x = p 2 can be easily concluded from the discrete LBB-condition (5.1). In a simüar way we can also prove uniqueness of the solution of problem (2.6).
In order to prove the error estimate let us consider w = u h -v G W h with an arbitrary v e W h . Then we have
We split the term
and take into considération that u and u h are uniformly bounded such that Proof: Taking into account the représentation (3.11) with (3.12) we get the nonpositivity of b h (u, ty r \\s t ) for /#; and the nonnegativity for i = j. The direction of Vcp, on a triangle K corresponds to the outer normal on the boundary dK in the node B t of K. Therefore, a h (ty J9 v|> t ) is nonpositive for / T^ j and négative only in the case where i y j are neighbour nodes and the angle between both edges with midpoints B n B } is smaller than TT/2. Consequently, the assumption (i) is fulfilled. We set e = (1, ..., 1) such that (Ae\ corresponds to the i-th row sum. Obviously, it follows that (Ae \ ^ 0 for i =l 5 ...,2iV .
If for some / = / 0 (Ae\ = 0 we have to construct a chain i 0 , i l9 ..., i p such that a t _ ltl <zO 9 (5 15 Consequently, the assumption (n) holds and A (w ) is an M-matnx D
